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Abstract

Starting with any R-matrix with spectral parameters, and obeying the Yang—
Baxter equation and a unitarity condition, we construct the corresponding
infinite-dimensional quantum group Uk in terms of a deformed oscillator
algebra Ag. The realization we present is an infinite series, very similar to a
vertex operator. Then, considering the integrable hierarchy naturally associated
with Ag, we show that U/ provides its integrals of motion. The construction can
be applied to any infinite-dimensional quantum group, e.g. Yangians or elliptic
quantum groups. Taking as an example the R-matrix of Y (N), the Yangian
based on gl(N), using this construction we recover the nonlinear Schrodinger
equation and its Y (N) symmetry.

PACS numbers: 02.20.Fh, 03.65.Ca, 11.10.Ef

1. Introduction

In this paper, our aim is to present a general construction of infinite-dimensional quantum
groups as explicit integrals of motions of integrable systems. The construction relies only on
the existence of an evaluated R-matrix (with spectral parameters) which obeys the unitarity
condition. Thus, it can be applied to any infinite-dimensional quantum group.

To the R-matrix, one can associate a Zamolodchikov—Faddeev (ZF) algebra Ay [1], which
in a Fock space representation provides the asymptotic states of the model. The quantum group
is then constructed as an infinite series in the ZF generators, and is shown to commute with
the Hamiltonian of the hierarchy. Thus, it generates the integrals of motion of the hierarchy.
Moreover, since there is a natural action of the quantum group on the Ak generators, its action
on the asymptotic states of the system is easily deduced.
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Taking as an example the R-matrix of Y (NN), the Yangian based on g/(NN), using this
construction we recover the nonlinear Schrodinger (NLS) equation and its Y (N) symmetry
[2, 3]. It is thus very natural to believe that the other integrable systems found in the literature
can be treated with the present approach.

The paper is organized as follows. In section 2, we introduce the different definitions
and properties that are needed. From these notions, we construct, in section 3, a quantum
group Ug from the deformed oscillator algebra Ag. We consider in section 4 the hierarchy
associated with Ag and show that Uy generates integrals of motion. Then, its Fock space
representation is studied in section 5. Section 6 deals with three examples: the NLS equation
with its Yangian symmetry (in the case of an R-matrix with additional spectral parameters),
and U, (g/l\z) and A, ,(gl») (in the case of a multiplicative R-matrix). Finally, we conclude in
section 7.

2. Definitions and first properties

2.1. ZF algebra

We start with an R-matrix satisfying the Yang—Baxter equation with spectral parameters

Riz(ki, ko) Ri3(ki, k3) Ros(ka, k3) = Ros(ka, k3) Riz(ki, k3) Ria(ki, ko) (2.1)
and the unitarity condition

Riz(ki, k2) Rai (ka, k) = I ® I (2.2)
Ris an N? x N? matrix. Here and below, for brevity we denote

Riz = Ria(ky, k2) (2.3)

but let us stress that the R-matrix we consider is defined with a spectral parameter. Note
also that both the usual additive and multiplicative cases for the R-matrix, where R(ky, k)
represents R(k; — k») and R(k;/k,) respectively, are included in our formalism.

Definition 2.1 (ZF algebra Ag). To each R-matrix obeying equations (2.1) and (2.2), one can
associate a ZF algebra Ag [1], with generators a; (k) and aI.T (k) i =1,..., N)andexchange
relations

aa; = Ryaza (24
a]Ta; = a;aIRZ] (2.5)
ala; = a;Rlzal + 512. (26)

We have used the notations

N
ay =Y aikpe @1 a =Y ak)I®e

i=1 i
N N
al =Y altkpel ®1  af=>alk)I®e]

i=1 i=1

N .
5l2=5(k1—k2)2e,-®ej el =(0,...,0,1,0,...,0) el ej =6
i=1

where - represents the vector scalar product.
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Let us remark that, in the same way that the Yang—Baxter equation ensures the associativity
of the product in Ag, the unitarity condition can be interpreted as a consistency condition for
the Ay algebra. Indeed, starting with equation (2.4), exchanging the auxiliary spaces 1 <> 2
and the spectral parameters k; <> k>, and multiplying by (R;2)~!, one obtains

aiay = (Rpp) ' axay. 2.7

Comparing this last relation with equation (2.4), we recover the unitarity condition.
Above and in the following, we loosely write a; € Ag.

Property 2.2 (Adjoint anti-automorphism).

Ag —  Ag
i
Let 1 be the operation defined by Z]E];]z) : Z(/(c];) (2.8)

Rip(ki, ko) +  Ryi(ka, ky)

and (xy)' = yixtVx,y € Ag. Then t is an automorphism of the Ay algebra, and we can
identify (a)! = a' and (a")' = a.

Proof. Direct calculation. For instance

(@a2)" = (@)'(@)" = @)'(@) (R = (@)'(@)'Ria.
After the exchange 1 <> 2, one recovers equation (2.5)

(an'(@)' = (@)@ Rar. (2.9)
The other relations are obtained in the same way, once one remarks (8,;)" = §1». ]

2.2. Vertex operators

Definition 2.3 (Vertex operators). The vertex operators T (k) (i, j = 1, ..., N) associated
with the algebra Ag are defined by T (k) = TV (k)E;; € Ag ® CV" where

— (—1)"

T(koo) =T+ p al \TY) ai . (2.10)

n=1 :
with
ab =al (kp)-al, (k) (2.11)
ai., = ag, (k1) ---ag, (k) (2.12)

n n 2 n+l

TS =T g ookt k) € (COV) P e, ki, k). (2.13)
In equation (2.10), there is an implicit summation on the indices ay, B1, ..., &y, Bp = 1,..., N
and an integration over the spectral parameters ki, .. ., k,.

For convenience, oo denotes the auxiliary space associated with T (k~), and, as for the
R-matrix, we note that Too = Too(koo)-

Let us stress that, in the notation (2.10), the auxiliary spaces 1, ..., n are ‘internal’ in the sense
that the indices corresponding to these spaces are summed and define scalars, not matrices, in
these spaces. It is only the indices corresponding to the ‘external’ auxiliary space oo which
refers to the matrix labelling for T. For instance aITo(Oll) aj represents

N N N
T () 2 : T (D) _ § : 2 : (€]
alToc]a] - (a]Toola])a,ﬁEavﬂ - a)];Tot,,B;y,uaM EOI,,B
ap=1 a.p=1 \y.u=I1

so that we could also have written a; To(cl;az; 1, ..., n are dummy space indices.
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Remark 1. The series (2.10) is very similar to a normal ordered (in @ and ) exponential
V(kso) =: exp(—a'Ma): (2.14)

whence the denomination vertex operator is used here to denote it.

Property 2.4 (S,-covariance of the vertex operators). The vertex operator coefficients To(ol) T
are covariant under the action of the permutation group S, .
More precisely, for o € S,, one has

T(”) _ Rl l’lT(”)

ooo(1)...o(n) — ool..n

(RL-")™ (2.15)
where R;” is the product of R-matrices defined by as (1. om) = R;"'”a]m,,.

Proof. Starting from the term X, = al ITO(;'I) ,01..» and relabelling the auxiliary spaces
i — o (i) (and also the spectral parameters), one obtains

Xy = a;(n)...a(l)ch:;(l)...a(n)aa(])---0(")' (2.16)
Then, from the exchange properties of @ and a' and the property 2.2, one has
n -1 wn

al(n)...a(l) = ajl...l (R(lr ) and Ao (1)..0(n) = R(lr ai.n (2.17)

which leads to the formula (2.15). ]

As an example, if o is just the transposition i <> i + 1, one obtains R}T” = R; ;+1 and the
formula

T i =R T

ool...i—1,i+1,i,i+2...n ool...n

Rion,i. 2.18)

Property 2.5. The matrices R, o € S,, defined by

Ao(l)..om) = R},"'nal...n (2.19)
obey

REM-nRln — plon 5o thar  (RE) T =RIVIM.(2.20)

oopn
From any matrix M, _,, € ((CN ) , one can construct a S, -covariant matrix by

~ 1 1

Ml...n = (Rl n) Mg(l)mg(n)R}T'"n. (221)

n'
0 €S,

Proof. The first formula is proven by direct calculation:

I 1 D... I...
Aoop(l)..oonn) = Ryip@l.n = R“( -t g w(D).pp(n) = Rﬁ( ) “WRM "ay_p. (2.22)
Now, for the last formula, one has (for any ¢ € S,))
~ 1 —1
1... 1...
Muy..nm =+ (RED ) Moy, .oopem Ry D™
T oes,
wu(d).. u(n) w(l)...;u(n)
= — Z Ra opt MU’(I)...U’(n)Ra/OM—l
! o’'eS,
where in the last expression, we have made the change of variable ¢’ = o o . Now,
: : : pepnm) _ ... 1.n)~! (.. u(n)
using equation (2.20), one obtains Reyrop = R, H(Ru ") , and (RU opi )
—1 ~ .
RL" (R}T”) , so that M _, is S,-covariant. O

Remark 2. Strictly speaking, one can start with vertex operators which do not obey the
S, -covariance (2.15), but the relevant part in the vertex operator will be the covariant one, as
given by equation (2.21).
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2.3. Well-bred operators

Definition 2.6 (well-bred operators). An operator L is said to be well-bred* (on Ag) when it
acts on a and a' as

L1a2 = R21a2L1 and Lla; = a;Rlle. (223)
We give a few properties of well-bred operators that will be useful in the following.

Lemma 2.7. Let L be a well-bred operator, then LT (k)L (k) is central in Ag.

Proof. One applies the T automorphism to the relations (2.23). We obtain
alLl = LlalR, and a L) = L1 Ry al. (2.24)
Then a direct calculation shows that L (k)L (k) commutes with @ and a'. For instance
LiLial = LialRyL, = alLlL,. O

Lemma 2.8. Let L be a well-bred operator of Ag. Then ¢ = Ll_] Lz_1 R, Ly L, is central in
Ag. It satisfies 61_2] = 071

Proof. Starting with equation (2.23), one obtains

LiLyaz = Ry Ry1a3L Lo (2.25)
which can be rewritten (after the exchange 1 <> 2) as
Ry1Rypas = LrLias L' Ly (2.26)
Then
RizLLyas = Ri2R3pR31a3L Ly = R31RypRpazLi Ly = R3jRya3R12L 1Ly
= LyLiasL7'Ly ' RipLy Ly (2.27)

so that, multiplying by Lfl Ly !, we obtain
C12az = aszcp. (2.28)

Performing a similar calculation with a;, we obtain clzai = aiclg.

The last equation is a direct consequence of the unitarity condition. 0

3. Construction of well-bred vertex operators

We first give a characterization of well-bred vertex operators.

Lemma 3.1. The vertex operator T is well-bred if and only if T obeys

ool...n
T =T — Reo and for n>1: (3.1)
n+1

(n+D{TY) = Row) " RocoTal) ,Ron} =Y (Roi-) ™' Toy ) Roic
i=1

ool...n ool...n ool...n|i

where we have introduced

ool...i—1,0,i...n ool...n|n+l ool...n0*

Row = [ | Roa: TS0, = TS (i <n) and 7D D
a=1

2 'We call these operators ‘well-bred” because they act nicely (on a and af).
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Proof. We prove the property by a direct calculation. We note /foo =T — I

(— 1)" (a] ()
Z ROna0+80") Ay 1 o1, n@1.n

o0 (_
:Z_}

n

n
!aj,mlROn“'RmaoTo(of 201

+

a l+laz 1. -+ Roi+160: T, ool L. "}'

i=1
Using
8T a; =T ao (3.2)

ool..né ool...i—1,0,i+1...n

and after a relabelling j — j — 1 for j > i + 1, one obtains

_])"
Z aT ROn e Ro]aoT( ) - To(oléao

n..1 ool..né

(= 1) n)
Z Zan LaRow—t R T o yaric1G0ai. e

with
L - R R_l T(n) T(n) d —
IL=n:Kop-1- Ko = ool ...0i..n— col..n—1,0 and di_ j—140di. n—1 = di..n—140
as a notation. Rewriting
ai..i—1a08;..n—1 = Roi—1 -+ - Ro1ao@1..n—1 (3.3)

and relabelling n — n — 1 in the second summation we are led to

= oD
aoToc = —Toooao + Z T anmlROn cee ROlaoTool 2.

1 n+1
Cn+l Z ajh..lROn -+ Roj To(gl n|,R0i71 -~ Rorapay..n (3.4)
i=1
that is
x (=1)" n+1
aOT%:_T‘S&aO +Z n! a;»»l{RO” o(cnl) n —Z R0"R011 1 éﬁTIL\,Rol 1}aoal.,,n.
n=1 '
3.5
On the other hand, one computes
o (=D
RooOTocaO = Z o a;”l ROOOT;;ll)mnROnaoal..,n' (36)

n=1
Finally, making equations (3.5) and (3.6) equal, we obtain equations (3.1), after left-
multiplication by Rgnl .
A similar calculation on Tooag = agRooo T leads to the same equation. O

Remark 3. If one defines Rgo = I (and TO(S) = I as given by equation (2.10)), equation

To(cl()) = I — Ry just corresponds to n = 0 in equation (3.1).
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Property 3.2 (Central generators of Ag). The only central generators of Ag are constants.

Proof. Let ¢ be a central generator of Ag. Since it commutes with ¢ and a', it also commutes
with the number operator Hy = f dk at(k)a (k) (see section 4). It is thus of the form

— (—1)"
c=c9+ Z T“l...lcg’?nal»»»n' (3.7)
n=1 '

Demanding cap = aoc leads to equations on the elements ci") . These equations are computed
in the same way one computes the equations for 7. Indeed, one deduces the equations on
c™ by formally replacing Ry, by I in equations (3.1). We obtain the relations

n+l

=0 @anfel, - Ro e Rosf = Y Rl e Roi for n> 1.
i=l1

l..n|i

(3.8)

We prove by induction that ¢ = 0. The case n = 1 is a direct consequence of the equations.
Let us suppose that ¢'” = 0 for p < n. Writing the equation (3.8) at level n, and using the
induction, we have

n+l
—1 1
Z RO,i—lCTTM)iROJ—] =0. 3.9
i=1
Using the invariance property 2.4, we can rewrite each term of the sum as
(+l) _ (D) _ (+1).5—1
Cloni = C1i-1,0,im — Ro,i-1€o1. 2 Roi-1- (3.10)
Thus, the equation is equivalent to (n + l)c(()'{ilrf = 0 and the induction is proven. O
Theorem 3.3. The vertex operator T is well-bred if and only if T;gl)...n is defined by the
following inductive expressions:
T =T— Reo (3.11)
1 < 1
(n+1) 01... (n) 01.
Toor.n = (Rp, n) T i,0,i+1 ,an,- "
n+14
i=0
1 —1
0l..n (n) 0l..n
CESN Z (Rpis) " RocaTototy.atm Rips (3.12)
T 0E€S
where To(cn2)...i,0,i+],..,n for i = 0 stands for To(gl)...n' Dj € Sus1 is defined by

pi 0,1, ., j—=1j.j+1,...,n)—> (1,2,...,j,0,j+1,...,n),1 <j<n

po =id. (3.13)
We note that R;; represents R;;(k;, k;).
Proof. We start with lemma 3.1 and show that T obeys the above inductive expressions. We
remark that, from the definition of R ;, one has

Ro,iq01..0 = A12,...1,0,i41..0 = Roi = R?,}'"” (3.14)

where p; is defined by equation (3.13). We start from equation (3.1) and work with S-covariant
matrices. Then, the right-hand side (rhs) is equal to (n + l)T("H) while the left-hand side

oo01...n°
reads
1 1 _
0l..n (1) 6 (0)...0(n)) ! (1) 0(0)...0(n) 0l..n
; Z (Ra ) {Toaa(l)..,a(n)_(Rp,, ) ROOG(O)Tooa(l)...a(n)Rp,, }Ra .
’ 0ES 4

(3.15)
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Now, we decompose S,4+; with respect to S,; any o € 5,41 is of the form (for some
0<i<n)uop; with’ u € S, and p; defined in equation (3.13). Using the covariance of
T™, one obtains for the first part of the rhs

1

. 01... () 0l...

rhsl.:EZ(Ra o RO

o000 (1)...0(n)
: 0€Sp

OL.. n pi(0)pi(1)....pi (n) ()
ZZ (RO-") " (R, ) Tty
i=0 pnes,

pi(0)pi(1)...p; (n) o 01...n
X Ry, Rp[

n
1 O]

_ n 0l..n
Tl Z OOPA(O)M(I) -pi () Ry,
: i:O HES,
(W) 01..n\ =L p(n) 0l.n gj — 0l.n _ l..
with 75, = (RY") T2 ) R Since 11(0) = 0, one has R " = R;~". Then,
using the S,-covariance of 7™, one obtains 7.\ = T") ¥, so that
n
0l... @) 01..
ths; = > (RO-") T o it RO (3.16)
i=0

Finally, to obtain equation (3.12), one remarks in the second sum of the rhs that
RO -oRI-" = RIL- M due to equation (2.20).
The same calculation (done in the reverse direction) also shows that the inductive

expressions obey lemma 3.1. 0
Remark 4. Note that the inductive expression proves the unicity of the solution.

Remark 5. The first terms in the series (3.12) are
T =1 -

ool ™

T® =T — Ros + RoozRooi — Roi R R1o.

ool2 —

Corollary 3.4. Vn > 0, To(é']) IS a non-vanishing polynomial of R-matrices. It has the
following form

n
T =T+ Z so- with Sy =Y muMyReouqt) - Rocuiy M, (3.17)
] HES,

where M,, are products of matrices Ry, with 1 < a,b < nandm,, € Z.

Proof. We prove the corollary by induction. The explicit expressions given above prove that
it is true for n = 0, 1, 2. Now, suppose equation (3.17) is true up to n. Then, equation (3.12)
shows that it is also true for n+ 1. Indeed, the two sums in equation (3.12) have conjugation by
R-matrices of type M,,. Moreover, only the first sum contributes to I, and effectively leads to

a coefficient 1, while the second sum increases the number of Ry, (¢ = 0, 1, ..., n) matrices
by 1. O

Remark 6. The above formula shows that 7™ is invertible (as a series) for all n.

Using the theorem 3.3, one can show the following property.

3 Strictly speaking, pu is still in S,41, but it obeys £(0) = 0 so that its restriction to [1, n] defines an element of S,,.
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Property 3.5. The well-bred vertex operators T of theorem 3.3 obey Faddeev—Reshetikhin—
Takhtajan (FRT) relations:

R, = T, TiRp» ie. Rp(ky, ko)T1(k1)To(ko) = To (ko) Th (k1) Rip(ky, k2).
(3.18)

In other words, they generate an infinite-dimensional quantum group with the evaluated
R-matrix Ryy. In the following, we denote this quantum group as Ug.

Proof. We use lemma 2.8 for 7. cj» = T]_l Tz_] R, T\ T, is central in Ag such that

Ry T, = ThTicyp (3.19)
with ¢y, being central, and due to the property 3.2, it is a constant matrix M,. To identify the
exactexpression of M|,, we use the result of theorem 3.3. Looking at equation (3.19) as a series
in the number of say a operators and projecting on number 0, we obtain ci, = M2 = Rj».

O
Remark 7. Looking at the term linear in a, one obtains
1 1 1 1 1 1 1 1

Ru(TS + T =115 - 1)) = (T + Ty’ = 15 - T )ena. (3.20)
Plugging into this equation the expressions of TV and cy5, one recovers the Yang—Baxter
equation, which is indeed satisfied.

Property 3.6. Let T be the well-bred vertex operator of theorem 3.3. Then, one has
THk) = T (k)" (3.21)

Proof. From the lemma 2.7, one knows that TT(k)T (k) is central. This implies (using
property 3.2) that T1(k)T (k) is a constant N x N matrix M. Looking at the term without a,
one concludes that M = I. ]

Corollary 3.7. The expansion of T (k)" as a series in a takes the form

— (=1
T =1+)" p a 1" a4, (3.22)
n=l1 '
where T;c"]) _, Is defined by the following inductive expressions
T8 =1—R 3.23
000 — 0Ooo (3.23)
_ 1 <« 1=
(n+1) 0l..n\ =1 7 (n) ol...
ToZOl...n = n+ 1 Z (Rp,» n) Togz...i,o,iﬂ,..,an,» "
i=0
1 0l..n\ = L) 0l...
- (l’l + 1)' Z (R[?nmf) Toga(])...a(n)RU(O)OORPuO(;l' (324)
: 0ES 4

It obeys the corollary 3.4, with Roo, iy replaced by R, (iyoo-

Proof. A simple calculation can be made from property 2.2, theorem 3.3 and property 3.6.
O
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Property 3.8. The vertex operators T defined in theorem 3.3 induce an isomorphism between
the algebras Ag and Ag-1. The isomorphism is given by

AR — AR—I
1:3a +— a=T7'a (3.25)
at — at=d'T.

Proof. We first show that @ and a' obey the exchange relations of Az-1. We note that
—1
R}, = Ry.
PR —1 —1 —1 -1 P
ady = T1 a1T2 ay = Tl T2 R12a1a2 = R]2T2 Tl aay
= R]szilTlile]aza] = R]2T27102T17101 = Rpara,.
One does a similar calculation with &]T&; In the same way, one computes
&]&; = Tflala;Tz = Tfla;Rlza]Tz + T171512T2 = Tlfla;Tza] +512
~1 -1 N N
= a;Tl Ry Tha, + 812 = a;T2R21Tl aj +512 = a;Rmal + 812.
This shows that Ay is embedded into Az-1. Performing the same calculation starting from

Apg-1 proves that Ag-1 is embedded into .Ag. There is thus an equality of the two algebras.
O

Reduction to the finite-dimensional case. The above results can be applied to the case without
spectral parameters. We have to start with a finite-dimensional R-matrix obeying the Yang—
Baxter equation

RizR13R;3 = Ry3Ri3R12 (3.26)

and a unitarity condition Rj» Ry; = I where, for this section only, the spectral parameters are
not present. The deformed oscillator algebra is then finite dimensional, and all the properties
stated above are still valid, the proofs following the same lines, omitting the integration over
the spectral parameters.

Note however that the unitarity condition still has to be fulfilled, and this requirement
excludes for instance the (triangular) R-matrix of the finite-dimensional quantum group
Uy (s).

4. Application to integrable systems
Property 4.1 (Hierarchy associated with Ag). Let H™ be defined by

o0
g™ — / dk k"a’ (k)a (k) vn=0,1,2,.... 4.1)

[e¢]

H™ forms an Abelian algebra, which defines a hierarchy for the algebra Ag.
The evolution of a and a' operators under the flow H™ is given by

e qky e " = e K" 4 (k) 4.2)
e gt (ky e " = e ql (k). 4.3)

Proof. Direct calculation. For instance

a]H(") = a]kg'a;az = k; (a;R]za]az + 51202) = kg'a;ngRz]aza] +k7a1 = H(")a] +k?a1

and thus [H™, a] = —Ka;. O
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Property 4.2. Any well-bred operator L is an integral of motion for the hierarchy
[L,H™]=0 Vn=0,1,2,.... 4.4)

In particular, this is the case for the well-bred vertex operators defined in theorem 3.3, and
the quantum group Ug generates an infinite-dimensional symmetry algebra for the hierarchy.

Proof. L\ H," = kJ Lialar = kJ'alRizLyas = k' alRisRojan Ly = HI™ L. 0

Remark 8. From the example of section 6.1 (see below), which was studied in [4, 2], we
conjecture that, for each Ag-hierarchy, there is a corresponding integrable system already
studied in the literature. The a operators in the Fock space representation, in this context,
correspond to asymptotic states of the system. The correlation functions of the system are
then computed using the a' operators.

5. Fock space and evaluation representations

Associated with the deformed oscillator algebra Az comes the notion of Fock space.

Definition 5.1. The Fock space Fr of the Ag algebra is the module generated by the vacuum
Q such that

a; (k)2 =0 Vi=1,..., N Vk. (5.1

Now, since one has constructed a quantum group from the Ay algebra, it is natural to look at
the representations induced by the Fock space.

Property 5.2. The Fock space Fr decomposes under the action of the Hamiltonians H™ into
an infinite sum of tensor product of evaluation representations of Ug

Fr = GB;’,C:O/dkl oo dk, 0k < ko <o <k VakiL ks oK) (5.2)

where 0(k; < ky < --- < k) indicates that the spectral parameters are ordered.
In particular, the representations V, (ky, . . ., k,) are of dimension N", and T acts in these
spaces by right-multiplication by R.

Proof. Since the Hamiltonians H form a commuting subalgebra of Ag, we can consider
them as a Cartan subalgebra, and decompose Fy into Cartan eigenspaces V, (hy, ha, ...),
where n denotes the eigenvalue under H® (which turns out to be still the particle number
although we are in the deformed case) and h,, is the eigenvalue of H” (p > 0). Now, since
Ur commutes with these Hamiltonians, the eigenspaces are stable under the action of U/ and
thus are representations of Ug.

The vectors in Fp are linear combinations of monomials all (ky) - - ~a§(m (k,)2, Vm. On
the eigenspace V, (ho, hi, ha, ...), one must consider only monomials with m = n; this
provides only a finite number of terms, and the eigenspace is of finite dimension. Moreover,
the eigenvalues under H " being fixed, one has equations

h ziki,hzzik?,...,hn =Xn:k?
i=1 i=1 i=1

which completely fix the values of ki,...,k, (up to a permutation) and also of h, =
Z?:] kip, p > n. Thus, we can replace the labelling &y, h», ... by ki, ..., k,, whence the
notation V, (ki, ..., k,) for the representations of /. Finally, the exchange relations among

a' allow us to reorder them in such a way that the spectral parameters are in increasing order.
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Because it is a vertex operator, the action of T on €2 is trivial, and since it is well-bred its
action on other states is a multiplication by R. ([

Remark 9 (Hopf structure of Ug). Although one cannot obtain the Hopf structure of Uy
starting from .4, one can infer it from the present construction in the following way.
The “first” eigenspaces are

Vo(0) = CQ
Vi (k) = Span(a] (k)Q2,i = 1,..., N)
Vs (ki, ko) = Span(al (k2)al (k). ki < ki, j =1,...,N).

Looking at the action of the well-bred vertex operators T on these spaces, one obtains

TQ=Q TialQ = alR1»Q TvalalQ = alRiyal R 92. (5.3)
Interpreting V; (k1, k») as the tensor product V; (k1) ® Vi (k)

alalQ ~ alQ ®alQ (5.4)
we obtain®
TiabaiQ = alRialRi3Q2 ~ alRQ ® a)R 132 = (T1 ® T (a1 ® 4l Q). (5.5)

Thus, we are naturally led to the coproduct formula
AT)=TQRT (5.6)

which is the correct formula for Ug.

Remark 10. Note also that, due to the finite number of a operators in the states of V), the vertex
operators truncate at level m, and become polynomials in @ and a in these representations.

6. Examples

We give two examples here: one associated with an additive spectral parameter, and the other
with a multiplicative spectral parameter.

6.1. The nonlinear Schrédinger equation

The NLS equation in 1 + 1 dimensions has been widely studied. We look at it in the QISM
approach (for a review, see, for example, [5] and references therein).

It has already been shown [2, 4] that all the information on the hierarchy associated with
the NLS equation can be reconstructed starting from the algebra Ag, where R is the R-matrix
of the Yangian Y (N) based on gl(N):

N
1
R(k) = —— (kI I igP P, = Eii®Ej. 6.1
() = 13g Klw ® L + ig Pra) 2 ,-,2::1 J®E, (©6.1)
This R-matrix obey an additive Yang—Baxter equation
Riz(ki — ko) Ri3 (ki — k3) Roz (ko — k3) = Roz(ka — k3) Riz (ki — k3) Ria (ki — ko) (6.2)

and one shows, using P? =1, that Rj2(k)Ry (—k) = I. Thus, the properties stated above
apply.

4 Care must be taken that the indices 1, 2 and 3 refer to the auxiliary spaces while the tensor product refers to Ag.
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In fact, it is well known that the canonical field ® obeying the (quantum) NLS equation
@1(x, 1)
(i8, + af)CD(x, 1) =2g:0x,HP0x, )P(x,1): with ®(x,t) =
@n(x, 1)

can be reconstructed from Ay [4]. The Hamiltonian is then exactly H®, and the Yangian
Y (N) is a symmetry of the hierarchy [2, 3]. The operators af correspond to asymptotic states
in the Fock space F.

The generators Qf and Qf of Y (N) in its Drinfeld presentation are built in terms of Ag
in [2] (see also [3] for the g/, case). The present approach is an alternative construction of
Y (N) in the FRT presentation. It has the advantage of giving an explicit construction for all
the generators of the Yangian, and also of giving the action of these generators (i.e. of the
integrals of motion) on the @ and a' operators (i.e. the asymptotic states of the system).

6.2. The quantum group U, (gl\g)
Here, we take the evaluated R-matrix of the centreless affine g/, quantum algebra. Following
the usual notation, the spectral parameter is denoted as z. The R-matrix reads
1 0 0 0
1-22 1—gq°
o 24-2) d-¢7)

1 — q2z2 1 — qZZZ
R(z) = . 6.3
2 d1—g>) q(—2) ©3)
0 0
1 — q2z2 1 — qZZZ
0 0 0 1

It is defined here up to a normalization factor p such that the unitarity condition
R12(21/22) R21(22/21) = 1 is preserved, i.e.

1
p(2)p <;> =1 (6.4)
The R-matrix obeys a multiplicative Yang—Baxter equation
Ri2(z1/22) R13(21/23) R23(22/23) = Rp3(22/23) Ri3(z1/23) Ri2(21/22)  (6.5)

and once again one can apply the above properties. Note however that we are forced to take a
vanishing central charge, so that the algebra U4, (g/) is defined by the relation

R12(21/22)T1(21) T2(22) = Ta(22) T1(z1) R12(21/22)- (6.6)
The Hamiltonian H® should correspond to the Hamiltonian of the sine-Gordon model.

6.3. The elliptic quantum group Aq,,,((g:l\z)

The elliptic quantum group A, , (5\12)0 has defining relations

Ri2(z1/225 q. P)T1(21) T2 (z2) = To(z2)Ti(21) R} (21 /225 4, P) 6.7

where R{,(z; g, p) = Ri2(2; q, pq ~2¢). Note that R, obeys the unitarity condition. Thus, in
the centreless case, one has R* = R, and the above procedure can be applied. One starts with
the evaluated R-matrix of A, , (§l\2)620 and constructs the corresponding ZF algebra.

In this way, one obtains a well-bred vertex operator that realizes A, ,,((gfl\z)c-:o, and this
latter algebra is a symmetry of the hierarchy associated with the ZF algebra. In particular, the
Hamiltonian H® should be related to the XYZ model and, in this framework, we naturally
obtain A, , (@)Czo as a symmetry of this model.
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7. Conclusion and perspectives

Starting with any R-matrix with spectral parameters, obeying the Yang—Baxter equation and
a unitarity condition, we have constructed the corresponding quantum group Uy in terms
of a deformed oscillator algebra 4. The realization we present is an infinite series, the
expansion being given in the number of creation operators. Up to a normalization constant,
the construction is unique. These ‘well-bred vertex operators’ act naturally on Ag. As a
consequence, they are integrals of motion of the integrable hierarchy naturally associated
with Ag.

Taking as an example the R-matrix of Y (N), the Yangian based on g/(N), using this
construction we recover the NLS equation and its ¥ (V) symmetry. It is thus very natural to
believe that the other integrable systems known in the literature can be treated with the present
approach.

Of course, a comparison has to be made between the vertex operators constructed in this
paper, and the vertex operators of quantum affine algebras known in the literature (e.g. [6]).
Note, however, that our construction can be done for any infinite quantum group, provided its
evaluated R-matrix obeys the unitarity condition.

As a generalization, it is natural to ask whether such an approach can be extended to the
case of (elliptic) quantum groups with a non-vanishing central charge; this seems to be very
much the case [7]. If such a generalization can be done, it would then be possible to look at
(off-shell) correlation functions for the underlying integrable systems. Moreover, this could
give a pertinent insight in the research of vertex operators, as they are looked for when starting
with the canonical fields of the integrable system [8].
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